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Abstract 
We show that the injection of a pure spin current (not accompanied by charge current) 
into a ring can induce a circulating charge current in the ring, provided that transport 
coefficients of the ring are spin-dependent and inhomogeneous. As an example, we 
consider a hybrid ferromagnet(F)-normal metal(N) ring system and calculate the 
magnitude of the charge current induced by the pure spin current injection. This 
phenomenon may have relevance for spintronic applications.  
Spintronics aims to develop methods to utilize the electron’s spin degree of freedom 
[1]. Successful utilization requires the development of various techniques such as 
generation of spin-polarized current, manipulation of spin, spin relaxation control, and 
the detection of spins. Recently the conversion from electronic signal/degree of freedom 
to spin current becomes of interest [1] in view of their possible relevance for spintronic 
applications, especially for the generation of a spin-polarized current. Some proposed 
conversion mechanisms [2] exploit properties such as the Coulomb blockade of 
quantum dots [3] and/or the coherence of electron phase [3]. Very recently an interesting 
possibility of spin current generation via spin Hall effect [4,5] is also proposed. 
Furthermore, the inverse conversion from the spin signal to electric signal is also of 
interest [6,7]. It is demonstrated that due to the relativistic covariance of Maxwell 
equations, a steady-state pure spin current can induce an electric field [7]. Such inverse 
conversion may be useful for spin current detection.   
In this paper, we will study diffusion dynamics of electrons in a ring and show that it 
can result in spin-current-induced charge current, namely, charge current in a diffusive 
ring induced by the injection of a pure spin current (pure in the sense that it is not 
accompanied by charge injection) into the ring. Although the phenomenon is similar to 
that in Ref. [7], the mechanism that we will deal with is completely different from that 
in Ref. [7]. Due to this difference, this phenomenon can occur even when relativistic 
effects vanish or are negligible. An example illustrating this point will be discussed 
below. We find that the diffusion dynamics can give rise to finite charge current from 
the injected pure spin current when the following two requirements are satisfied: (A) 
electron transport coefficients (such as electric conductivity) of the ring are spin 
dependent and (B) the ring is inhomogeneous (for example, position dependent electric 
conductivity).  
The requirement (A) is intuitively appealing; Without any spin dependencies, spin-up 
and spin-down currents will be the same in magnitude and opposite in direction, so that 
the resulting charge current vanishes (see Appendix A for proof in the linear response 
regime). The reason for the requirement (B) may be less evident. To illustrate the reason, 
consider a one-dimensional ring. When the pure spin current injection rate is kept at a 
constant value, the system reaches a steady state and the steady state charge current 
↓↑ += IIIe  is homogeneous over the ring due to the charge conservation 
0/)/1(/ =∂∂+∂∂ xISt eeρ  where 0/ =∂∂ tρe  in the steady state and S  is the cross-
sectional area of the wire forming the ring. Then eI  may be re-expressed as follows, 
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where )(↓↑σ  is the electric conductivity, )(↓↑µ  is the electrochemical potential for spin 
)(↓↑ , and L  is the circumference of the ring. Now if the ring is homogeneous and thus 
both ↑σ  and ↓σ  are homogeneous (independent of x ), the last expression vanishes 
identically since ↑µ  and ↓µ  are single-valued functions, )()0( )()( Lxµxµ === ↓↑↓↑ . 
This simple analysis illustrates the origin of the requirement (B). 
To demonstrate further the requirements (A) and (B) and also to illustrate the 
difference from Ref. [7], we examine a particular example of a one-dimensional ring 
(Fig. 1) of length L made of a ferromagnet (F) with length FL  and a normal metal (N) 
with length NL  ( NF LLL += ). This hybrid ring system satisfies the both requirements 
for the conversion phenomenon. For definiteness, we assume that the F is magnetized 
along the y− -axis and that the injected pure spin current 0 0sI I I↑ ↓≡ −  is polarized 
along the same axis. Here 0I ↑  ( 0I ↓ ) is the injected spin-up (spin-down) current into the 
ring and we set their magnitude to be the same but their direction opposite so that the 
injected net charge current vanishes. There are various ways to realize such pure spin 
current [2, 8-10]. One particular example will be considered in Appendix B. Due to the 
requirement (B), the conversion is expected to be more efficient when the spin current is 
injected to the region where the conductivities change, namely, FN interfaces. Thus we 
consider the pure spin current injected to the FN interface I-1 ( 0=l  in Fig. 1). We also 
assume that the FN interfaces (both I-1 and I-2) are ohmic. We remark that in this 
configuration, where the spin current direction lies in the xy -plane, the electric field 
induced by the injected spin current (due to the mechanism in [7]) is perpendicular (see 
Eq. (9) in Ref. [7]) to the ring plane and thus cannot induce a circulating charge current 
in the ring (actually the induced electric field due to the mechanism in [7] is zero in Fig. 
1 since the spin current direction is parallel to its spin polarization direction). Therefore 
the induced charge current in this example has clearly nothing to do with the mechanism 
in Ref. [7].   
In order to study the response of the diffusive system to the pure spin injection, we use 
a simple spin diffusion model [11-15], which describes the electrical transport in terms 
of two current channels (spin-up and spin-down current channels). The conductivity of 
each channel is given by  
,)()(2)( ↓↑↓↑↓↑ = DNeσ                            (1) 
where )(↓↑N  denotes the spin dependent density of states at the Fermi energy, )(↓↑D  
is the spin dependent diffusion constant, and e(<0) is the electron charge. Due to the 
spin dependent conductivities, the current in the ferromagnet is spin-polarized with the 
polarization given by 
( ) ( )./ ↓↑↓↑ +−= σσσσα                          (2) 
Spin flip processes can be characterized by the spin flip time ↑↓τ , the average time to 
flip an up-spin to a down-spin, and ↓↑τ  for the reverse process. Using the detailed 
balance principle / /N τ N τ↑ ↑↓ ↓ ↓↑=  for equilibrium states with no net spin flip, one 
obtains the equations for spin transport: 
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where τλ D=  is the spin diffusion length, ( ) ( )/D D D N N N D N D↑ ↓ ↑ ↓ ↑ ↑ ↓ ↓= + +  is 
the average diffusion constant, ( )/τ τ τ τ τ↑↓ ↓↑ ↑↓ ↓↑= ⋅ +  is the average spin relaxation time, 
and ( )µ↑ ↓  is the spin dependent electrochemical potential (ECP). For the convenience 
of the solution construction, we split the system into two regions, PI ( NLl <<0 ) and FI 
( LLLlL FNN =+<<  or FLl <′<0  where lLl −≡′ ), see Fig. 1. Then the ECPs 
)(↓↑
Fµ  in the region FI and )(↓↑Nµ  in the region PI are given by  
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where the seven constants A , B , …, G  should be chosen to satisfy the ohmic 
boundary conditions, namely, the continuity of ( )µ↑ ↓  and the current conservation for 
each spin channel at the interfaces. 
After some algebra, the charge current ↓↑ += IIIe  induced in the FN hybrid ring 
due to the injected pure spin current sI  is found to be 
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where )//(ohmring NNFF σLσLSR +≡  is the resistance of the ring, FFF SR σλ /≡  and 
NNN SR σλ /≡  are the resistances corresponding to the spin diffusion lengths Fλ  and Nλ , 
respectively, and FFF L λζ /≡ , NNN L λζ /≡  are, respectively, the dimensionless lengths of 
the F and N parts normalized with respect to the corresponding spin diffusion lengths.  
  A few limiting cases deserve further discussion. Note that eI  vanishes when 
0→Nς  or 0→Fς  (homogeneous ring limit). Thus when the transport properties 
becomes homogeneous, the charge current is not induced any more, illustrating the 
necessity of the requirement (B). Note also that eI  also vanishes when 0→α , 
regardless of the ratio NF σσ / . Thus when the ring is inhomogeneous ( NF σσ ≠ ) but 
the transport has no spin dependencies ( 0=α ), the charge current is not induced, 
illustrating the necessity of the requirement (A). When none of above applies, that is, 
when 0≠Nς , 0≠Fς , and 0≠α , the induced charge current has a nonzero value. 
Thus Eq. (7) confirms that the pure spin current sI  injected into the FN hybrid 
structure indeed generates a nonzero charge current eI . In Eq. (7), the sign convention 
of eI  is chosen in such a way that the charge current is positive if it flows in the 
counterclockwise direction. Thus for 0>sI , the charge current flows in the 
counterclockwise/clockwise direction when the magnetization direction of the F is 
parallel ( 0>α )/anti-parallel ( 0<α ) to the polarization of the injected spin current. 
For a large ring with 1, >>NF ζζ  (so that NF RRR ,ohmring >> ), Eq. (7) is considerably 
simplified to 
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Recalling that ohmringR  is the resistance of the ring, the right-hand-side can be interpreted 
as the electromotive force (EMF) induced by the pure spin current injection. When there 
is a serious conductance mismatch problem, )1/( 2α−>> FN RR  [14-16], the induced 
electromotive force reduces further to )1/( 2αα −⋅ Fs RI , which depends only on 
properties of the F side, the part with smaller resistance. Note that in Eq. (8), the length 
dependence appears in ohmringR  only and roughly speaking, eI  decays inversely 
proportional to the ring circumference. Thus even though the injected spin current 
decays exponentially fast due to spin relaxation and hardly propagates in the ring with 
1, >>NF ζζ , it still manages to induce a long-ranged effect that decays with a power 
law ( L/1 ).  
Here we present an interesting identity that gives insight into the origin of the spin-
current-induced charge current. One first defines “weighted” voltage differences 1-IV  
and 2-IV  at the two particular positions where the transport coefficients change; 
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which reduce to usual voltage differences if there are no spin dependencies. Note that 
due to the spin dependent conductivities ( 0α ≠ ), 1-IV  and 2-IV  can have nonzero 
values despite the continuity condition )()( ↓↑↓↑ = NF µµ  at the interfaces. We find that 
regardless of values of various parameters, the following relation holds, 
1I2I
ohm
ring −− =+⋅ VVRIe ,                     (11) 
which indicates that the voltage 1-IV  at the spin injection point can be interpreted as an 
effective EMF while the voltage 2-IV  as a voltage drop at I-2. In the large ring limit 
1, >>NF ζζ , a further insight can be obtained by considering the following deformation 
to Fig. 1; Imagine cutting the connection at the interface I-2 (as shown in Fig. 2) and 
setting the ECP’s at ∞=x  and ∞=y  so that no charge current flows in the normal 
and ferromagnet. The deformation from Fig.1 to Fig.2 affects the profiles of the ECP’s; 
While the ECP’s near the interface I-1 ( 0=x , 0=y ) is not modified since the I-1 is 
infinitely away from the I-2, the ECP’s near the I-2 are modified and “locked” to the 
weighted averages of the ECP’s near the I-1 as follows, 
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due to the condition of no charge current. Note that the ECP’s at the I-2 is not 
continuous any more, )()( ∞=≠∞= ↑↑ yx FN µµ  and )()( ∞=≠∞= ↓↓ yx FN µµ . Thus the 
condition of the no charge current is not compatible with the continuity of the ECP’s. 
Therefore when the continuity of the ECP’s at the I-2 is enforced as in Fig. 1, the charge 
current should appear. We remark that the voltage difference  
[ ] exyxVyV NF /)()()()( aveave ∞=−∞==∞=−∞= µµ  for the configuration in Fig. 2 is 
proportional to the spin accumulation )0()0()0()0( =−===−= ↓↑↓↑ xxyy NNFF µµµµ  
near the I-1 and often called the spin EMF. The spin EMF has been demonstrated to be a 
useful detection tool of the spin accumulation [17]. We also remark that the spin EMF 
for the configuration in Fig. 2 is identical to the EMF in the large ring limit [right-hand-
side in Eq. (8)] for the configuration in Fig. 1. In this sense the spin EMF may be 
regarded as a limiting case of the spin-current-induced charge current. 
Next we lift the assumption of the ohmic interfaces and consider interfaces with 
tunneling barriers to show that the ohmic interface is not essential for nonvanishing 
charge current. Since the ECPs µ↑  and µ↓  are now discontinuous at the interfaces, it 
is necessary to specify the spin injection position more precisely. For definiteness, we 
consider the spin current injected to the normal metal side of the I-1 interface, that is, to 
+= 0l . For simplicity, we assume that the tunneling barriers are nonmagnetic and thus 
there is no spin flip while electrons tunnel the tunneling barriers. Effects of the 
tunneling barriers can be described in terms of interface conductances )(↓↑iG  
[12,13,18,19], which relate the discontinuities in the ECPs with the tunneling currents 
)(↓↑
iI  through the interface I-1,  
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where ( )0l + −=  represents the location of the I-1 approached from the N (F) side. ↑iG  
and ↓iG  are in general different even for nonmagnetic tunneling barriers [19] since they 
depend on the densities of states of the F, which usually depend on spin direction. Here 
the tunnel barrier resistance iR  is defined as 
1−↓↑ =+= iiii RGGG . Similar relations are 
assumed for the I-2 as well. After some algebra, one obtains the charge current, 
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where the dimensionless constants 1C  and 2C  are given by 
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Here )/()( ↓↑↓↑ +−≡ iiii GGGGp  is the spin polarization of the interfacial current. Note 
that when 0→Nς , the charge current vanishes since the requirement (B) is not 
satisfied. When 0→Fς , on the other hand, the charge current does not necessarily 
vanish, unlike the ohmic interface case. This difference arises from the fact that the F 
region of very small width can still endow a finite spin polarization 0≠p  for the 
interfacial current. In the physical limit where the ferromagnetic region is totally 
removed from the ring, both Fς  and p  should approach zero simultaneously. Then 
the requirement (B) is not satisfied and the induced charge current vanishes. Similarly 
0→α  alone does not guarantee the zero current; it should be combined with 0→p  
to make the requirement (A) not satisfied and thus make the charge current vanish. 
When none of these conditions for the zero charge current applies, the charge current is 
nonzero.  Thus Eq. (15) confirms the existence of a nonzero charge current even in the 
presence of tunneling barriers.  
We examine a few limiting cases. In the weak tunneling barrier limit 0→iR , Eq. 
(15) reduces to the ohmic result [Eq. (7)], as it should. In the strong tunneling barrier 
limit, FNi RRR ,>> , Eq. (15) is simplified to  
2
tanhtunnelring NNse
ςpRIRI ⋅=⋅ ,                    (16) 
where tunnel ohmring ring 2 iR R R= +  is the resistance of the ring with two tunnel barriers. Thus 
the right-hand-side of Eq.(16) can be interpreted as the electromotive force induced by 
the pure spin current injection to the ring with strongly tunneling-barriered interfaces. 
We next consider the large ring limit, ∞→Nς , ∞→Fς  ( FRR >>tunnelring , NR , iR ). In 
this limit, eI  obviously approaches zero due to the diverging resistance 
tunnel
ringR . The 
electromotive force tunnelringRIe ⋅  on the other hand approaches a nonzero finite value, 
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This value is again the same as the spin EMF for the configuration in Fig. 2 if the 
junction in Fig.2 is not ohmic but characterized by the same tunneling barrier 
parameters p  and iR . Thus even for junctions with tunneling barriers, the spin EMF 
can be related to the large ring limiting case of the spin-current-induced charge current. 
This interesting connection with the spin EMF suggests that the phenomenon of the 
charge current induction by the spin current may also be useful for spin current 
detection.  
Finally we estimate the magnitude of the ratio se II /  for 7.0=α , 4.0=p . When a 
ferromagnetic metal of NFL λ1.0=  and a normal metal of NNL λ2=  form a ring with 
ohmic interfaces, Eq. (7) results in 035.0~/ se II  for 
11710~ −−Ω mFσ , nmF 10~λ , 
11810~ −−Ω mNσ , mN µλ 1~ [14]. Thus the induced charge current eI  is smaller than 
sI  but not unmeasurably small. On the other hand, in tunneling-barriered interfaces 
with Ω310~iR , Eq. (16) results in 0003.0~/ se II , which is much smaller than that 
for the ohmic interface case. When the normal metal is replaced by a semiconductor, 
se II /  for the tunneling-barriered interfaces can increase by about two orders of 
magnitude because the resistivity of a semiconductor can be larger than that of a normal 
metal by factor 210 . 
  
To summarize, we demonstrated that a pure spin current injected into a diffusive ring 
can induce a circulating charge current provided that the two requirements ((A)spin 
dependent transport coefficients and (B)inhomogeneity) are satisfied. As a particular 
example, an F-N hybrid ring has been analyzed in detail to demonstrate various features 
of the induced charge current. An interesting connection with the spin EMF was also 
pointed out. It was also noted that despite close similarity with the phenomenon of the 
spin-current-induced electric field [6,7], the phenomenon that we addressed has a 
different origin and arises instead from spin-dependent diffusion dynamics. The 
example of the F-N ring demonstrates clearly this difference. This phenomenon of the 
spin-current-induced charge current may be useful for spintronic applications. 
 
This work was initiated during the 2003 APCTP Focus Program. This work was 
supported by the SCORE-A and the electron Spin Science Center funded by the Korea 
Science and Engineering Foundation, and the Nano Research and Development 
Program funded by the Ministry of Science and Technology in Korea. 
 
Appendix A: No charge current induction without spin dependencies 
Here we show that at least in the linear regime, an injected spin current cannot induce 
a circulating charge current in a diffusive ring unless transport properties of the ring are 
spin dependent. One begins with the diffusion equations for the ECP’s: 
                ,µ σ µ N NN µ µ
t x e x τ τ
↑ ↑ ↑ ↑ ↓
↑ ↑ ↓
↑↓ ↓↑
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                (A.1) 
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                (A.2) 
where N ↑  and N ↓  are densities of states at the Fermi energy for spin up and down 
electrons, respectively. If transport properties are independent of spin, that is, 
0N N N
↑ ↓= = , 0σ σ σ↑ ↓= = , 0τ τ τ↑↓ ↓↑= = , one obtains 
 
( ) ( )00 ,σN µ µ µ µt x e x↑ ↓ ↑ ↓∂ ∂ ∂⎡ ⎤+ = +⎢ ⎥∂ ∂ ∂⎣ ⎦                 (A.3) 
 
by summing up Eqs. (A.1) and (A.2). In the steady state, the left-hand-side vanishes by 
definition and the right-hand-side should vanish as well. By integrating the right-hand-
side, one obtains 
1 2
00
1( ) ( ) ,
( )
x
µ x µ x A e dx A
σ x
↑ ↓+ = ⋅ +∫                    (A.4) 
where 1A  and 2A  are integration constants. To be consistent with the periodic 
boundary condition ( ) ( ) ( 0) ( 0)µ x L µ x L µ x µ x↑ ↓ ↑ ↓= + = = = + = , 1A  should be set 
to zero. Otherwise )()( xx ↓↑ + µµ  becomes a monotonically increasing (decreasing) 
function of x  depending on the sign of 1A . Now recalling the relation, 
 
( )0 ,σj j µ µe x↑ ↓ ↑ ↓∂+ = − ⋅ +∂                      (A.5) 
 
we verify that the circulating charge current should indeed vanish if transport properties 
are spin-independent.  
 
Appendix B: An example of a pure spin current injection 
 
As a particular example of a pure spin current injection method, we consider geometry 
in Fig. 3, where the normal metal segment P0 connects the ring to the path Ps on which a 
charge current I  flows. Note that despite the connection, the charge current cannot 
flow into the ring due to the charge conservation of the ring in the steady state. On the 
other hand, a pure spin current is free from such a restriction and can flow into the ring 
if the charge current I  is spin-polarized. Since this geometry is similar to the nonlocal 
spin valve geometry considered in Refs. [20,21] and the calculation is also similar to the 
nonlocal spin valve geometry case, we skip minor details of calculation and present the 
main results only. By solving appropriate diffusion equations for the entire system (ring 
and “spin injector”), one obtains the relation between the charge current I  and the 
pure spin current sI  injected into the ring,  
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where the ferromagnetic electrode Fs is assumed to be connected to the normal metal via 
a tunneling barrier with the same tunneling resistance iR  as the tunneling resistance of 
the ring junctions. The result for the ohmic interface can be obtained from Eq. (B.1) by 
taking the limit 0→iR . Here sourceL  is distance between Fs and FI, and sR is given by  
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where the constants C1 and C2 are defined in Eq. (15) and the dimensionless constants 
C3, C4, and C5 are given by 
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Below we consider a few limiting cases. When the length of paramagnetic and 
ferromagnetic metals of the ring are much longer than their spin diffusion 
length ),,( NFNF LL λλ>>  so that NF RRR ,ohmring >> , we obtain the following results 
depending on iR ; (ⅰ) If all the FN interfaces are ohmic so that 0→iR  the result for 
the spin current sI  is  
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and (ⅱ) if all the F/N interfaces are strong tunnel barrier contacts so that ,i N FR R R>>  
but ohmring iR R>> , 
                            .exp
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Note that in the large ring limit, the spin current sI  is still injected to the ring so long 
as the distance sourceL  between the Fs/Ps interface and the ring is sufficiently smaller 
than the spin flip length Nλ  of the P0. Finally, when we revisit the limiting case 
NFNF LL λλ ,, >>  and present the voltage difference 1I−V  at the interfaces I-1 and 2I−V  
at the I-2 defined in Eqs. (9) and (10), we find for the case ( )ⅰ , 
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and for the case ( )ⅱ  
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For both case  
.02I →−V                             (B.7) 
 
Note that in this limit we recover the results of the spin valve system of Ref.[21] for 
1I−V  corresponding to the spin signal injected to the interface I-1. Furthermore, by 
combining Eq. (B.3) with Eq. (8) or Eq. (B.4) with Eq. (16), one can also see that the 
voltage difference 1I−V  due to the spin accumulation plays a role in generating the 
charge current in the ring [see Eq. (11)]. 
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Fig. 1: Schematic diagram of a ferromagnet(F)-normal metal(N) hybrid ring. A pure spin 
current sI  is injected to the ring at 
+= 0l , that is, the normal metal side of the interface I-1. 
The grey region ( NLl <<0 ) represents the normal metal with length NL  while the white 
region ( FNN LLLlL +=<< ) the ferromagnet with length FL . Both the magnetization( M
?
) 
of the F and the spin polarization( pol ) of the injected spin current are along –y axis. 
 
 
Fig. 2: A geometry obtained by deforming the configuation in Fig. 1 in the large ring limit. 
 
 
Fig. 3: A particular geometry for the injection of a pure spin current into the ring. This 
geometry is similar to the nonlocal spin-valve geometry in Refs. [20, 21]. 
 
